Abstract. The main result of this paper states, that if a function f : R 2 → [0, +∞) has a closed graph and the set of discontinuity points is a network (as defined by Kuratowski in Topology II, 61.IV), then the graph of f is disconnected. It is also proven that this result can be easily generalised to a function f : R 2 → Y where Y is a σ-locally compact metrisable space.
Notation and terminology
Definition 1. Let X, Y be topological spaces and f : X → Y be an arbitrary function.
(1) We will denote by C(f ) or C f the set of all points of continuity, (2) by D(f ) or D f -set of all points of discontinuity.
(3) For A ⊂ X, by f |A we will denote a restriction of f to the subdomain A.
In the context of a function f : X → Y , we will not use a separate symbol to denote the graph of f , for f itself, in terms of Set Theory, is a graph. So when we use Set Theory operations and relations with respect to f , they should be understood as operations and relations with respect to the graph. Whenever this naming convention might be confusing, we will add the word "graph", e.g. "f has a closed graph". Definition 2. Let (X, d) be a metric space. B(x 0 , r) = {x ∈ X : d(x 0 , x) < r}, B(x 0 , r) = {x ∈ X : d(x 0 , x) ≤ r}, S(x 0 , r) = {x ∈ X : d(x 0 , x) = r}. The above terminology looks a bit helpless. But if we join it with some information about how a given point is located relativelly to the set of continuity points, we will get a convinient tool for finding interesting properietes of closed graph functions.
Definition 9. Let X be a topological space and A ⊂ X. We will say that x is locally connectedly accessible from A ⊂ X, iff for each open neighbourhood U of x there is an open neighbourhood G of x, such that G ⊂ U and for each u, v ∈ G ∩ A there is a connected set E, such that u, v ∈ E ⊂ U ∩ A. We will say that the set E ⊂ X is locally connectedly accessible from A, iff each point of E is locally connectedly accessible from A.
Obviously if x is locally connectedly accessible from A, then x ∈ Clo(A).
Example 10. Let B ⊂ R n be the unit ball. Let x ∈ ∂B and V be an arbitrary open set that contains x. Then for A = V ∩ IntB, x is locally connectedly accessible from A.
Proof.
Take any open neighbourhood U of x. Choose such δ > 0, that B(x, δ) ⊂ U ∩ V . Put G = B(x, δ). Take any u, v ∈ A ∩ G. Since G and IntB are convex, G ∩ B is convex as well, so the interval [u, v] u, v] . Obviously E ⊂ U ∩A. Thus by Definition 9, x is locally connectedly accessible from A.
For x ∈ A f ∞ , generally, we know only that there exists at least one net A ∋ x n → x such that f (x n ) → +∞. But if we assume additionally that the graph of f is closed and x is locally connectedly accesible from A, then we can expect that for each net A ∋ x n → x, f (x n ) → +∞.
Proof. Assume to the contrary that for each open neighbourhood U of x, there exists
U is an open neighbourhood of x}. We will prepare to applay Lemma 5. Our space will be in this case A∪{x}. Keep in mind that f |B ∪{x} is continuous at x. Take any open neigbourhood V of x. By locally conectedly accessibility, there is an open neighbourhood G of x, such that for each u, v ∈ G ∩ A there is a connected set E, such that u, v ∈ E ⊂ V ∩ A. Take any u ∈ G ∩ (A ∪ {x}). If u = x, we have such connected E, that u, 
Theorem 13. If f : X → [0, +∞) has a closed graph, E is a connected subset of X, f |E is continuous and E is locally connectedly accessible from A ⊂ X, then either
We will show that A ∞ ∩ E is open in the relative topology of E. Suppose that A ∞ ∩ E isn't open in the relative topology of E. Take some border point x of A ∞ ∩ E (in relative topology). Since f |E is continuous, we have such an open neighbourhood V of x, that |f (x) − f (z)| < 1 for any z ∈ V ∩ E. Take any open neighbourhood U of x. Since x is a border point of A ∞ ∩ E (in relative topology), we have
Since U was arbitrary chosen, it's not true that lim A∋u→x f (u) = +∞, which contradicts Theorem 11. We showed that A ∞ ∩ E is open in the relative topology of E. But this contradicts to the connectedness of E.
Skyhooks
In this section we will focus on functions f : R 2 → [0, ∞).
C is a skyhook with respect to f , iff there is a homeomorphism from the unit circle h : S 1 → C such that the mapping
is the infinity point of C with respect to f .
Whenever the context of f is clear we will skip the part "with respect to f ". We will use specific notation for arcs in an arbitrary space X. In the given context [x, y] will denote an arc connecting points x and y. Since there are usually many different arcs connecting x and y, [x, y] will be considered just as a symbol that denotes chosen arc. If we will say about more than one arc connecting points x and y, we will use indexes and prims like [x, y] 1 or [x, y] ′ . Once a symbol [x, y] is reserved for some arc in given context, [v, z] can be used only for its sub-arcs. The same rule applies to arcs denotes with indexes and prims respectively. Moreover, since arc, by definition, is homeomorphic with the unit interval, we will assume a natural linear order on a given [x, y] such that x < y. We will also use [x, y) = [x, y] \ {y} and analogously (x, y] and (x, y). Proof. Since the graph of f is arcwise-connected, we have an arc [x,
′ is bounded and lim
′ is homeomorphic with S 1 . It's trivial to show that C is a skyhook with the infinity point x 0 .
Such a semi-skyhook [x ′ , x 0 ] with the infinity point x 0 will be sometimes named
Theorem 17. If X is locally arcwise-connected at x, and Y is a locally compact space, f : X → Y has a closed graph and D f = {x}, then there exists some semi-
Proof. Assume by contradiction that the thesis doesn't hold. Thus for each arc
is continuous. We will apply Lemma 5. Let A = {x}. Take any open neighbourhood U of x. By local arcwise-connectedness at x, we have such an open neighbourhood G of x, such that for each
Thus by virtue of Lemma 5, f is continuous at x, which contradicts the condition that x ∈ D f .
I would like to define the interior of C ⊂ R 2 homeomorphic with the unit circle. To do this, let mi cite the famous theorem of Schönflies.
Theorem 18. If C ⊂ R
2 is homeomorphic with the unit circle, then there exists such a homeomorphism h :
Corollary 19. If C ⊂ R 2 is homeomorphic with the unit circle, them it disconnects R 2 into two open subsets, bounded and unbounded.
In spite of the above we can formulate the following definition. 
Corollary 22. If C ⊂ R
2 is homeomorphic with the unit circle, then C is locally connectedly accessible from B(C) and C is locally connectedly accessible from R 2 \ B(C).
(For proof see Example 10.) No we are ready to prove one of the most important facts concerning skyhooks.
Proof. Assume to the contrary that B(C) ⊂ C f . Let x 0 be the infinity point of the skyhook C. By Theorem 13,
∞ , which contradicts (by Theorem 11) to the connectedness of the graph.
Thus
. Since x 0 is the infinity point of C, it's easy to notice that x 0 ∈ B(C) f ∞ . Since x 0 is locally connectedly accessible from B(C), by Corollary 12, lim C\{x0}∋x→x0 f (x) = +∞. But by the definition of shyhook, we have such
Fact 24. If X is a locally connected, completely metrisable space and E ⊂ X is closed, then E is a cutting of X iff X \ E is disconnected.
(for proof: this is a conclusion from [Kuratowski II 66, 50 Proof. Take any x ∈ (A ∩ E) ∪ ∂E. If x ∈ A ∩ IntE, then, since A is locally arcwise-connected, (A ∩ E) ∪ ∂E is locally arc-wise connected at x. If x ∈ ∂E \ A, then the set (A ∩ E) ∪ ∂E is locally arcwise-connected at x, since A is closed and ∂E is locally arcwise-connected. It's enough to check the case x ∈ A ∩ ∂E. Take any open neighbourhood U of the point x. By local arcwise-connectedness of ∂E there exists an open neighbourhood V ∂E ⊂ U of the point x, such that for any y ∈ V ∂E ∩ ∂E there exists an arc connecting points x and y, contained in U ∩ ∂E. On the other hand, since A is locally arcwise-connected, there exists an open V A of the point x, such that V A ⊂ V ∂E ⊂ U and for any z ∈ V A ∩ A there exists an arc connecting points z and x, contained in V ∂E ∩ A. We will show (*) that for each p ∈ (A ∩ IntE) ∩ V A there exists an arc connecting p with some point in ∂E,
Take any q ∈ ((A ∩ E) ∪ ∂E) ∩ V ∂E . If q ∈ ∂E, then considering how V ∂E was chosen, there exits an arc connecting points q and
, then by (*) there is an arc connecting q with some e ∈ ∂E, contained (A∩E)∩V ∂E . Next, considering how V ∂E was chosen there exists an arc connecting points e and x, contained in ((A ∩ E) ∪ ∂E) ∩ U . Therefore we can show that there exists and arc connecting points q and x, contained in
We will show the moreover part. If A and ∂E are connected, then they are also arcwise-connected. Thus, it's easy to notice, that since A ∩ ∂E = ∅, (A ∩ E) ∪ ∂E is also arcwise-connected. Take any p ∈ (A ∩ E) ∪ ∂E. Since A \ {p} and ∂E \ {p} are connected and locally arcwise-connected, the are arcwise-connected. Since |A ∩ ∂E| ≥ 2, A\{p}∩(∂E\{p}) = ∅. Thus ((A∩E)∪∂E)\{p} is arcwise-connected. Proof. Let S be a family of all bounded connected components of R 2 \ K (by the conditions of this theorem, is not empty). Let E = S ∪ K. Notice that E is a complement of the unbounded connected component of R 2 \ K. By Theorem 27, E is homeomorphic with a closed disk. Assume by contradiction that thesis doesn't hold. We will construct an extensionf : E → [0, +∞] of f , which is continuous everywhere expect of the point x 0 .
Let R denote an arbitrary bounded connected component of R 2 \K. By Theorem 27, R is homeomorphic with an open disc. Since we assumed that thesis doesn't hold and the graph is closed, we have two possibilities: (1) f |∂R is continuous or (2) x 0 ∈ ∂R and f |∂R \ {x 0 } is continuous and convergent to +∞ at the point x 0 . If (1) holds, then f (∂R) is a closed interval, then by Tietze extension theorem, there exists a continuous extension h of f to Clo(R), such that h(Clo(R)) = f (∂R). Letf = h on R. If (2) holds, we define a helping function g, such that g = f on ∂R and g(x 0 ) = +∞. Note that g is continuous on ∂R and g(∂R) = [a, +∞], then again by Tietze extension theorem, there exists a continuous extensionĝ of g to Clo(R), such thatĝ(Clo(R)) = g(∂R). Letf =ĝ on R. We defined the functionf on each bounded connected component of
We will show thatf is continuous everywhere except of the point x 0 . Sincef is continuous on each bounded connected component of R 2 \ K, it's enough to show that it's continuous on K \ {x 0 }. take any z 0 ∈ K \ {x 0 } and any sequence E ∋ z n → z 0 . Sincef = f on K, it's enough to assume, that z n ∈ S. If almost all elements of z n are contained in one bounded connected component of R 2 \ K, then, by the construction,f (z n ) →f (z 0 ). Now, to prove continuity it's enough to show thatf (z n ) →f (z 0 ) for z n ∈ R n , where R n is a sequence of pair-wise disjoint bounded connected components of R 2 \ K. By Theorem 28, lim
We will construct a sequence z ′ n . Take any index n. By the construction off , if f (z n ) < +∞, we can chose such z
. By the construction of z ′ n ,f (z n ) →f (z 0 ). We showed continuity off everywhere expect of the point x 0 . We will show, that at the point x 0 the functionf has exactly two accumulation points, namely f (x 0 ) and +∞. Take any sequence E ∋ z n → x 0 . If almost all elements of z n are contained in K, since the graph of f is closed, the sequencê f (z n ) has no more than two accumulation points, f (x 0 ) and +∞. If almost all elements z n are contained in some bounded connected component of R 2 \ K, then by the construction of the extension,f (z n ) → f (x 0 ) orf (z n ) → +∞. Thus it is enough to assume that z n ∈ R n , where R n is a sequence of pair-wise disjoint bounded connected components of R 2 \ K. We will construct a sequence z ′ n in exactly the same way as in the construction above. Obviously {z ′ n } ⊂ K and by Theorem 28, z ′ n → x 0 . The sequencef (z ′ n ) has no more than two accumulation points: f (x 0 ) and +∞. But by the construction of z ′ n ,f (z n ) has exactly the same accumulation points asf (z ′ n ). We showed so far that at the point x 0 , the functionf has no more than two accumulation points: f (x 0 ) and +∞. Thus we have such an open neighbourhood U of x 0 , that for each x ∈ U ∩ E we havê f (x) < f (x 0 ) + 1 orf (x) > f (x 0 ) + 2. Since x 0 is a point of discontinuity of f and (x 0 , f (x 0 )) ∈ Clo(f |K \ {x 0 }),f has exactly two accumulation points at x 0 : f (x 0 ) and +∞. Therefore, we can choose u 1 , u 2 ∈ U ∩ E such thatf (u 1 ) < f (x 0 ) + 1 î f (u 2 ) > f (x 0 )+ 2. Since E is homeomorphic with a closed disc and by Theorem 18, we can as well require that there exists an arc
For further applications of the above lemma, it will be convenient to keep in mind the following remark, which follows directly from Theorem 27.
Remark 30. If K ⊂ R
2 is locally connected continuum not separated by any point and IntK = ∅, then R 2 \ K has at least one bounded connected component.
Theorem 32. If f : R 2 → [0, +∞) has a closed graph, C 1 and C 2 are skyhooks, then there exists a skyhook C, such that B(C) is a connected component of R 2 \ (C 1 ∪ C 2 ) and C ⊂B(C 1 ).
. Thus for C = C 2 thesis holds. Therefore, it's enough to check the case:
By Lemma 26, E is locally connected continuum not separated by any point. Note that the graph of f |E is closed and locally connected. Let x i be the point of infinity of C i for i = 1, 2. If f |E \ {x 1 } is continuous, then by Theorem 29, the thesis holds. Assume that f |E \ {x 1 } is discontinuous. Then x 2 ∈ E \ {x 1 }. Obviously there exists δ 0 > 0, such that x 1 ∈ B(x 2 , δ 0 ) and f |((B(x 2 , δ 0 ) ∩ E) \ {x 2 }) is continuous. Thus by Lemma 17, there exists a semiskyhook [z, x 2 ] with the infinity point x 2 , such that [z, x 2 ] ⊂ E∩B(x 2 , δ 0 ). Since the graph of f |E is arc-wise connected, by Theorem 16, there exists a skyhook C 0 ⊂ E with the infinity point x 2 . Let E ′ = (B(C 0 ) ∩ E) ∪ C 0 . By Lemma 26, E ′ is locally connected continuum not separated by any point. We will show that f |E ′ \ {x 2 } is continuous. Assume by contradiction, that it's discontinuous. So
with the infinity point x 1 . Since f |C 2 ∩B(x 1 , δ) is continuous and thus bounded, there exists a semi-skyhook [y,
Thus contradiction, since x 2 is the infinity point of C 0 and x 1 ∈ E ′ \{x 2 }. We showed that f |E ′ \{x 2 } is continuous. Thus, by Theorem 29, there exists a skyhook C, such that
and C ⊂B(C 1 ).
Proof. Assume that the thesis holds for n − 1. There exists such a skyhook 
. By the connectedness of the graph of f , we have a sequence U ∋ x n → x, such that x n = x and f (x n ) → f (x). Obviously almost all x n ∈ U \ D f . But by Mazurkiewicz-Moore Theorem, the graph of f is locally arcwise-connected. Therefore we can chose some index k, such that there exists an arc
By Theorem 27, ∂R is homeomorphic with the unit circle. Therefore x is locally connectedly accessible from R. Thus by Theorem 11, x ∈ R Proof. Assume to the contrary that there are only finitely many discontinuity points of the function f |D f . Let {x 1 , . . . , x n } be the set of these points. Let R(x, r) be a family of all connected components S of R 2 \ D f such that x ∈ ∂S, there exists a semi-skyhook [z, x] ⊂ ∂S with the infinity point x and S ⊂ B(x, r). By Theorem 28, R(x, r) is a finite family for any x ∈ R 2 and r > 0. By Lemma 34, we can choose r 1 , . . . , r n > 0 such that R(x i , r i ) = ∅ and f |D f is continuous on D f ∩ (B(x i , r i ) \ {x i }) for i = 1, . . . , n. Recall that, by Theorem 27, boundaries of all connected components of R 2 \ D f are homeomorphic with the unit circle. Therefore, for each index i = 1, . . . , n and S ∈ R(x i , r i ), we can choose a semiskyhooks τ 
is a locally arcwise-connected continuum not separated by any point. Since C is a skyhook with respect to f , it's easy to notice that f |E has a closed, connected and locally connected graph. By the argument similar to that from the proof of Lemma 34, there exists a functionĝ : E → [0, +∞) such thatĝ = f onK(x m , r m ) ∩ E and g is continuous on E \ {x m }. Thus by Lemma 29, there exists a bounded connected component R of R 2 \ E, such that x m ∈ ∂R and ∂R is a skyhook with respect toĝ with the infinity point x m . Since R is bounded, R ⊂ B(C). We will show that ∂R is a skyhook with respect to f . Suppose that it isn't so. Since ∂R is a skyhook with respect toĝ, there must exist a discontinuity point x Proof. Since D f is not empty, f is discontinuous. Assume to the contrary that the graph of f is connected. Then by Lemma 42, the graph of f is also locally connected and f |D f has at most finitely many points of discontinuity. So by Lemma 35, f |D f is continuous. Then for each connected component R of R 2 \ D f , by Theorem 13,
But as we assumed, the graph of f is connected, so only ∂R ⊂ R f 0 is possible. But then, by Corollary 8, f |Clo(R) is continuous. This, by Corollary 40, implies that f is continuous.
Codomain generalisation
We will prove that the result from the above section for f : R 2 → [0, +∞) can be easily extended to f : R 2 → Y , where Y is a metrisable σ-locally compact space. To do this let me cite [Williamson 87, T1] .
Theorem 44. Let X be a metrisable topological space. Then X is σ-locally compact, if and only if there exists a metric for which each bounded closed subset is compact.
We will prove the following generalisation. Proof. By Theorem 44, for Y we can choose such a metric d for which each bounded and closed subset of Y is compact. Choose some y 0 ∈ Y . Letf (x) = d(y 0 , f (x)). First we will show that the graph off is closed. Take any x ∈ X and net x α such that (x α ,f (x α )) → (x,ŷ). Since the graph of f is closed and f (x α ) without perhaps some initial set of indices is bounded, f (x α ) → f (x). Thusf (x α ) →f (x).
We showed thatf has a closed graph. It's trivial that if f is continuous at x, thenf is also continuous at x. Assume thatf is continuous at x. Take any net x α → x. We havef (x α ) →f (x). Then again since the graph of f is closed and f (x α ) without perhaps some initial set of indices is bounded, we have f (x α ) → f (x). So, we showed that D(f ) = D(f ). Let H : f →f where H(x, f (x)) = (x,f (x)). By the reasoning similar to the above it can be easily shown that H is continuous and its inverse is also continuous, so H is a homeomorphism. 
